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Justificacao do trabalho:

e Desenvolver uma alternativa viavel,
baseada em integracao numeérica, as
propostas existentes;

eRetomar programa desenvolvido em 1988 e
nunca formalmente publicado;
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PROBLEMA _DIRECTDO

LATITUDE = _4@8°__ ' __.______ " | LATITUDE - - ‘208412 . 468920
LONGITUDE =_-18°__"'__.______ " I LoNngITUDE -EE-IE B
AZIMUTE -> = _45°__'__.______ " I rzIMUTE <- - HEN°'EE B
DISTANCIA =1586886888.088m |

N2 _do PONTO LATITUDE LONGITUDE AZIMUTE INVERSD
——1 -55°22'58.7659" ——11°_7'13.4276" 2gv-a42'_8.9492"
-2 -58°21'27.4345" —_-28°55'23.87?55" 31°56'57.5274"

SAIR->PF1 S ,AVUANCAR->TAB,VU.ATRAS->F12 ,APAGAR->F13@CONTINUAR?MENUZ?(S5/N/M)
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PROBLEMA INUERSO

LATITUDE = _4@8°__ "' __.______ " | DISTANCIA - I EEEEXEIEEEI
12 Pto |
LONGITUDE=_-1@8°__"' __.______ " I aziMUuTE 1->2 - IR B
| AzimMuTE 2->1 - N D
LATITUDE = _-4°28'42.4689208"
209 Pto
LONGITUDE=_139°12"'49.438658"

IR->PF1 5 ,AVUANCAR->TAB,VU.ATRAS->F12,APAGAR->F13 CONTINURRZMENU?(S/N/MMIB
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Geodetic Calculations - Vincenty's Formulae, Inverse Method o e cooisn

Given latitude and longitude of two points, calculate the ellipsoidal distance and forward and reverse azimuths between
the points.

¥ The calculations are performed using the GRSB0 ellipsoid which is used for Australia's new coordinate system (The
Geocentric Datum of Australia - GDA) and is also compatible with global coordinate system (a = 6,378,137.0 metres;
1/f = 298.25722210)

¥ Vincenty's formulae are used (T. Vincenty, Survey Review, 23, No 176, p 88-93,1975) to calculate lines ranging from a
few cm to nearly 20,000 km, with millimetre accuracy.

¥ Latitude must be between 0° and + 90°, South Latitude is negative {eg -35° 55' 56.12"").

¥ Longitude mast be between 0° and + 180°, West Longitude is negative {eg -148° 56" 25.12").

¥ NOTE: "The inverse formulae may give no solution over a line between two nearly antipodal points. This will occur
when the difference between two latitudes is greater than 180 Deg. in absolute value" {(Vincenty, 1975).

¥ NOTE: Given the latitude and longitude of a point {1) and the forward geodetic azimuth {1-2) and ellipsoidal distance to
a second point {2), calculate the latitude and longitude of the second point and the reverse azimuth (2-1) using the
direct method.

POINT 1 Latitude: 40 Deg. ] Min. ] Sec.
A Longitude: -10 Deg. o Mirn. 0 Sec.
POINT 2 Latitude: -4 Deg. 20 Min. 42 480528  Sec,
B Longitude: 135 Deg. 12 Min. 4% 438658  Sec.
YOUR ENTERED VALUES Latitude (Pt 1): 40deg 0 min 0 sec

Longitude (Pt 1): -10deg Omin 0 sec

Latitude (Pt 2): -4 deg 20 min | 42.460928 sec

Longitude (Pt 2): 135deg 12 min  459.43B658 sec

If these values are correct, press "Submit Data” to receive the results.
( Submit Data | | Reset Dara |
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GDA Vincenty Calculation Results (Inverse)

Location: POINT I POINT II

Name: A B

Latitude: 40 ° 0" 0.00000 " -4 ° 20 "42.46093 "

Longitude: =10 20 " 0.00000 " 139 = 12 " 49.43866 "

Forward Azimuth: 45 @ 46 ' 49,33 "

Reverse Azimuth: 326 @ 32" 28,29 "

Ellipsoidal Distance: 14999727.798 meters

Another caleuiation Dif. na distancia de 272 m

Comments & Suggestions ou 18 ppm;
No azimute 46’ 49”,33
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Longitude (gg.mmsssss...) do 12 ponto=

=10.

Latitude (gg.mmsssss...) do 22 ponto=

-4.,204246093
Loagitude (gg.mmsssss...) do 22 ponto=
139.124943866

FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINHAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=
FINAL=

%%%EEE%%%E%%E%%%EEE

g= 14999?2? HEIDIEEDE
45.461576697989564
326.324987T88999175

AZl=

AZ2=

D EDI]33!141TBEEEIE
4420403 .8483124534

1.45441469107110422E-006
5.31472453246806253E-006
1.46173105436409045E-006
5.32204089565002647TE-006
1.46175555421068637TE-006
5.32206539560764463E-006
1.46180463539424821E-006
5.32211447679120653E-006
1.46170647352672489E-006
5.32201631486817206E-006
1.46170663595235339E-006
5.3220164772938B0056E-006
1.46170663639644260E-006
5.322016477737883TTE-0056
1.46170663739564333E-006
5.3220164787370904%3E-0056
1.46170663534173073E-006
5.32201647662766675E-006
1. 4EITDEE3EEDEZEilﬂE-DDE

i s 35E=006

PFGeodesia has exited with status 0.

GDA Vincenty Calculation Results (Inverse)

Location: POINTI POINT II

Name: A B

Latitude: 40 © 0 '0.00000 " -4 °20°'42.46093 "
Longitude: -10° 0 ' 0.00000 " 139 @ 12 ' 49.43866 "
Forward Azimuth: 45° 46 ' 49,33 "
Reverse Azimuth: 326 °32'28.29"
Ellipsoidal Distance: 14999727.798 meters

Another calculation

Comments & Suggestions

Dif. na distancia de 0,063 m
ou 4,2x10°;
No azimute 33”,6

...mas aumentando o n° de seccoes:
Dif. na distancia de 0,028 m

Qs §D FINAL= 1. 4El3592539251&4?0ﬂ 007
ou 2,8x10-°;

No azimute 107,6 | s=-
AZl=

14999727 .826297149
45.463872035850166
326.32351168292337

AZ2=

PFGeodesia has exited with status 0.



Formulacao do Problema
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Problema Directo

Dados:

e Latitude e Longitude do/ponto
de partida;

e Azimute de partida;

e Distancia a percorrer.

Obter:

eLatitude e Longitude do pont
de chegada;

e Azimute inverso.
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Formulacao do Problema

Problema Inverso

Dados:

e Latitude e Longitude dos pontos
extremos A e B;

Obter:

e Azimute AB;
e Azimute BA;
e Distancia AB.




A Geodésica
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Apex Norte

sais d’elle”)

_("Deux ou trois choses que je

P X sln & = const.

Latitude Reduzida Ro

Equador




A Geodésica. Formulas Basicas.,
Latitude Reduzida: '

tg 8 = \/1—62t990

1 —é’cos’p
o _a\/mfﬁ— cos’ o cos’pdp

2. Elemento de arco da Longitude:

J1— e*cos*p o

cosf3

d) = sino




A Geodésica. Formulas Basicas. 2/3
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3. Relacao de do elemento linear sobre a esfera, com
dpf e 0 azimute a:

do = df/cosa.

4. Relacao entre p e a:
cosPsena. = cosp,

6. Elemento de arco da Longitude, no elipsoide, em
funcao de dp*:

cos [Fo I —e“eps*
cos B\ cos’B— cos® P i

dA =

* Férmula deduzida em 1988. Aparece também em Hubert Schmidt, 1999.
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A Geodésica. Formulas Basicas. 3/3

2
1 — e*cos* B
S_aﬁf\/coszﬁ—coszﬁo cos pdp
1

P2 2 2
- f cos [Fo 1l —e’cos”f dp

cos B\ cos’P— cos’Po "

1
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Integracao Numeérica por Quadraturas
de Gauss (Gauss-Legendre)

h H
[ Fdr=3" ) £ )+ By (2
=1
where x-, associated with zeros of orthogonal pelynomials,

are the integrati on points.

wi x) 15 the weighting functi on related to the orthogonal
polynomials.

http://www.efunda.com/math/num_integration/num_int_gauss.cfm



Gauss-Legendre Formula: The Gauss-Legendre integration formula is the most
commonly used form of Gaussian quadratures. Some numerical analysis books refer to
the Gauss-Legendre formula as the Gaussian quadratures' definitive form. It is based

on the Legendre polynomials of the first kind 5, (x).

[ s [ rEE e[ty
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b—a pl b—a
_f-a f_lgmdg=T“Zw(gmg(ék}+ﬁnm
k=1
E:'+.:z:|_|_R ()
k=1
where:f=%, i.e.,x=b;ﬂ§+b—;¥, — 1=z =1,
& 15 the kth zero of B, (£,
W(Z) = CE—
(1—5;.3)[31“@;.:}]
h— &
=7 5,
22n+1 I4
Ry(d) = ) gy

(27 +1)[ (2]



Abscissas and Weights of Gauss-Legendre Integration

J; ? f(Rdn=

w m N

10

il

12

13

14

15

16

17

18

19

20

21

22

23

29

24

b—a
2

Abscissas &

-0.995187219997

-0.974728555971

-0.938274552003

-0.886415527004

-0.820001985974

-0.740124191579

-0.648093651937

-0.545421471389

-0.433793507626

-0.315042679696

-0.191118867474

-0.0640568928626

0.0640568928626

0.191118867474

0.315042679696

0.433793507626

0.545421471389

0.648093651937

0.740124191579

0.820001985974

0.886415527004

0.938274552003

0.974728555971

0.995187219997

I b—ua b+ta b—a
I e L e PR COR

k=1

points Gauss-Legendre Integration ()

b—a bta

29’;c+2)

Weight wi{é;)

0.0123412297185
0.0285313860439
0.0442774398676
0.0592985850337
0.0733464816501
0.0861901617117
0.0976186522496
107444270284
.115505668234
121670473118
.125837456543

127938195546

0
0
0
0
0
0.127938195546
0.125837456543
0.121670473118
0.115505668234
0.107444270284
0.0976186522496
0.0861901617117
0.0733464816501
0.0592985850337
0.0442774398676
0.0285313860439

0.0123412297185
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Problema Directo

. Calcula a constante de Clairaut;
Calcula um primeiro valor aproximado para §3,;

Verifica a existéncia de um (ou mais) Apex;
Ciclo em p contra a distancia;
. Valor final de (,;

6. Calcula A); ELSE
7. Calculao END IF

azimute inverso; DO WHILE (DIF.GT.LI)

S=0.D0

IF(BT1.LT.BT2)THEN

CALL SQG(A,E2,C2,BT1,BT2,S)
ELSE

CALL SQG(CA,E2,C2,BT2,BT1,S)

END IF

PRINT*, 'Disténcia BT1-BT2 =', S
DIF=S-D

D1=D1-DIF
BT2=DASIN(DSIN(BT1)*DCOS(D1/RA)+DCOS(BT1)*DSIN(D1/RA)*DCOSCAZR1))
DIF=DABS(DIF)

END DO

U1-h90 N =

LI=1.5D-3
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Problema Inverso

1. Resolucao do triangulo esférico A-Polo-B para
DO WHILE (EDL(2).GT.T)

obtencao de um 1° valor para a distancia e para
os azimutes ; i

2. Calcula um primeiro valor aproximado " ¢ ’=%¢
para a Constante de Clairaut; DL@=0.D0

IFCS@.LT.S@@)THEN

3. Verifica a existéncia de um (ou mais)  IF(BTL.LT.BT2)THEN
CALL SQGL(A,E2,C2,BT1,BT2,DL0@)

Apex; ELSE

4. Ciclo na Constante de Clairaut END TR e A R
contra A); DL01-0.00

5. Valor final da Constante; e P T
gcaicula a djstancls; A SN G e
7. Calcula os azimutes. DL@-DLO1+DLO2

ELSE IF(BT1.GT.BT@)THEN

CALL SQGL(A,E2,C2,BTQ,BT1,DLO1)
CALL SQGL(A,E2,C2,BTQ,BT2,DL02)
DLO=DL@1+DLO2

END IF

END IF
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Integracao Numeérica: resultados B e
Casos sem Apex

A integracao numérica da resultados com incertezas muito
aceitaveis: inferiores ao cm na distancia; inferiores a 0”,0001
nas coordenadas; inferiores a 0,001 no azimute.

Exemplo (Jordan/Eggert/Kneissl, Band 1V, pg. 1012):
Ponto de partida: Lat. - 50° N; Lon. — 10° E; Azimute — 140° s — 15 000 km; Elipsoide de

Hayford
Quadro 2 - Comparacae de uma grande geodésica que nAo passa pelo Apex
Pontos de N° de Latitude de Longitude de Azimute inverso
interpolagdo | secgoes chegada, S chegada, E
7 100 -62° 57' 03°,20387 105° 05' 38",29966 294° 46' 41",48390
Jordan, - 03°,20382 38°,29955 41",48389
Quadro 3 - Resultade do problema inverse aplicado ap exemple de Jordan (glipsdide de Hayford)
Pontos de N° de Comprimento, S Azimute A-B Azimute B-A
interpolagao | secgoes m
7 100 15 000 000,000 140° 00" 00°,00000 294° 46' 41°,48390
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Integracao Numeérica: resultados

Casos com Apex
Nos casos que envolvem Apex os resultados da integracao
numeérica dependem do n° de seccoes e do n° de pontos de

Interpolacao da quadratura de Gauss-Legendre.
Exemplo: Lat. 45° N; Long. 0°; Azimute 45°; Dist. 5 000 km (GRS80)

Quadreo 1 - Influéncia do n® de pontos de interpolacao e de secgbes no resultado final

Pontos de N° de Latitude de Longitude de Azimute inverso

interpolagao | secgles chegada, N chegada, E
12 1x108 58° 40' 05",51231 73° 22' 56",29258 286° 05" 37,72779
12 2108 05°,92995 56",52406 35°,35425
12 3x102 06°,11494 56",62632 34°,30285
12 4x10¢ 06°,22532 56°,68756 33",67553
24 1x108 06°,21081 56",67966 33°,75798

32 fecha ¢f - 18x107 06°,89036 57",05536 29",89563

lem

Nota: a solugdo para este problema, serd, de acordo com a pagina dos servigos geodésicos
australianos, 58°40° 067,9382; 737 22" 577,08232 ¢ 286” 05° 297,62.



Dificuldades e solucoes:

3. Trabalhar com precisao

Quadrupla;

Nacional de
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1. Melhorar o sistema iterativo;
2. Aumentar o n° de pontos de interpolacao;
Meridiano
4. Usar maior poténcia de calculo.
Apex Bo Paralelo
____fﬁf_ ....... :E—HT_ ........ i___T_————H._* ....... -__q___q:_: ....... ......
__________________________ B e
“» B2

__.-' B1

cos? Bit1 — cos? Bo =~ 0




Limitacoes e casos particulares

As solucoes por expansao em séries nao resolvem certos

casos considerados antipodais
Um exemplo entre outros:

GDA Vincenty Calculation Results (Inverse)

Sory Vincenty's Inverse Formula Will NOT Handle Antipodal Solution !!
Location: POINTI POINT II

Name: A B
Latitude: 0= 0'0.00000" 5°0°'0.00000°"
Longitude: 0 © 0 ' 0.00000 " 180 = 0 ' 0.00000 "

Latitude: © Deg.
Nem CasosS COmo O SEgUlnt Longitude: © Deg.
Latitude: © Deg.

Longitude: 17 Deg.

CARTOGRAFIA e GEODESIA
o Min. ] Sec.
i Min. 0 Sec.
] Min. 0 Sec.
25 Min. 0 Sec.

Latitude (Pt1): 0ces  omin

0 sec

Longitude (Pt 1): 0 ceg o min

0 sec

Latitude (Pt 2): 0 deg 0 min

0 sec

Longitude (Pt 2): 175deg 25 min

0 sec

se values are correct, press "Submit Data” to receive the results.

( Submit Data ) [ Reset Data )



Limitacoes e casos particulares RTHGATAS G

3DA Vincenty Calculation Results (Inverse)

Location: POINTI POINT II
Name: A B
Latitude: 0®°0"0,00000"0°0"0.00000"
Longitude: 0=0"0.00000" 179 = 23 "0.00000 " GRSBO
=0 rd Azl th: a o e a=6 378137 m

rwa muth: 20 °0°0.00 Semi-Meridiano = 20 003 931,458 m
Reverse Azimuth: 270°0'0.00" Polo Semi-Equador = 20 037 508,343 m

Diferenca = 33 576,885 m ( cerca de 18' em arco de

Ellipsoidal Distance: 19968861.324 meters equader)

nother calculation

omments & Suggestions

C
Lat O°
A Lon 180°
Lat O°
Lan 0° Equador
ge 23"

Distancia AB ao longo do Equador = 19 968 861,324 m
Distancia CB ao longo do Equador = 68 647,019 m

ArcoDC =18
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Conclusoes

1. A integracao numeérica funciona sem qualquer
problema nos casos que nao apresentam Apex;

2. Nos casos com Apex é necessario empregar o maior
nimero possivel de pontos de interpolacao e
seccionar a geodésica num grande n° de intervalos;

3. E possivel melhorar o sistema de convergéncia
substancialmente;

4. A interpolacao numeérica pode resolver os casos
especiais nas zonas de indecisao;

5. E facil gerar sequéncias de pontos de passagem.




Obrigado pela Vossa Atencao.




